To fulfill 5th Generation (5G) communication capacity demands, the use of a large number of antennas has been widely investigated, and the array gain and spatial multiplexing that are offered by massive multiple input multiple output (mMIMO) have been used to improve the capacity. Fully digital architectures are not feasible for a large number of antennas, and hybrid analog/digital systems have emerged as options to retain a high number of antennas without as many radio frequency (RF) chains. However, these systems have, as consequences, non-avoidable nonlinear effects due to power amplifiers functioning in nonlinear regions. The strong nonlinear effects throughout the transmission chain will have a negative impact on the overall system's performance. Being able to access this impact is very important. For this purpose, we propose analytical and semi-analytical tools that allow for the evaluation of the nonlinear effects of a hybrid analog/digital orthogonal frequency-division multiplexing (OFDM) system. The proposed analysis starts with the characterization of the power amplifier's (PA) nonlinear response. This response is then used to derive a semi-analytic bit error rate expression. The theoretical tools are validated by using numerical results from two different cases: in the first one, the nonlinear PA response is assumed to follow an analytical model found in the literature and, in the second, the used nonlinear polynomial model mimics the response of a real amplifier. Using these two scenarios, the proposed tools are shown to be accurate making it possible to predict the nonlinearities' penalties in hybrid analog/digital OFDM systems and/or to assess the optimal operation point for a specific nonlinear amplifier.
I. INTRODUCTION
The explosive growth in wireless traffic and in the number of connected devices under user demands for high throughput and reliable communications, have resulted in the efficiency of current frequency bands being near their limits [1] , [2] . A solution is to use a large number of antennas, which is referred to as massive multiple input multiple output (mMIMO), and has been identified as a key technology to handle orders of magnitude more data traffic [3] , [4] . Superior
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capacities can be achieved with this technology through the rich and unique propagation diversity that is incorporated by the terminals, and adequate processing through precoding or beamforming. The mMIMO offers excellent spectral efficiency, which is achieved by the spatial multiplexing of many terminals in the same time/frequency resource. High-energy efficiency is also obtained in these systems through the array gain that permits a reduction of the radiated power [5] , [6] .
The mMIMO schemes cannot be regarded as scaled up versions of conventional MIMO schemes since the implementation and signal processing complexity would be prohibitively high [7] . In conventional MIMO systems, each VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ antenna has a fully dedicated radio frequency (RF) chain since all processing is completed at the digital level. However, fully digital architectures are not feasible for a large number of antennas due to hardware limitations, and thus hybrid analog/digital architectures have emerged as options to keep a high number of antennas without as many RF chains. In the recent years, hybrid analog-digital beamforming for both sub 6-GHz and millimeter wave bands were proposed [8] - [11] , for which part of the signal processing is performed in the analog domain, and the reduced-complexity processing is left to the digital domain. Future cellular networks will likely use both sub 6-GHz and millimeter wave bands to accommodate different scenarios. In this paper, we mainly focus on the sub 6-GHz frequency bands. Previous works on hybrid beamforming for these frequencies can be found in [11] - [15] .
In [11] , a novel hybrid beamforming algorithm for mMIMO orthogonal frequency-division multiplexing (OFDM) systems with unified analog beamforming based on the spatial covariance matrix knowledge of all user terminals is proposed. A zero-forcing digital precoder and an unconstrained analog precoder that maximize the signal-to-leakage-plusnoise ratio are derived in [12] . Then, the authors developed a technique to design a constrained analog precoder that mimics the obtained unconstrained analog precoder under phase shifter constraints. In [13] , several low-complexity transmission hybrid antenna selection and precoding schemes for narrowband massive MIMO systems were proposed. A new hybrid beamforming scheme for frequency-selective channels was designed in [14] . In this approach, the RF analog coefficient coherently combines the received signals from different time instants such that the energy of the desired symbol is focused onto a specific time sample. In [15] , hybrid beamformers that minimize the estimation error in the data were designed for fully and partially connected architectures. Beyond the high capacity demands, which can be fulfilled by using mMIMO technologies, the efficient utilization of limited bandwidth with high-data-rate transmissions while serving a large number of users is a prime requirement for present and future wireless communication systems. Aiming to meet this rising demand, OFDM systems are usually adopted due to their robustness in severely degraded channel conditions, link reliability and spectral efficiency. However, it is well known that the distortion in OFDM communications is severe due to the high peak-to-average power ratio (PAPR) of the input signal [16] . This causes some challenges to the power amplifier (PA) design since OFDM is very sensitive to nonlinear distortions [16] . PAs must stay in the linear region with a reasonable backoff in order to prevent strong nonlinear distortion effects. This means a reduced PA efficiency and smaller output power, which reinforces the importance of determining the distortion due to PAs [17] .
Thus, research on calculating distortions and/or developing linearization techniques is crucial for these systems. Some works studied the nonlinearies (NLs) impact on conventional MIMO systems' performance [16] , [18] - [20] . In [16] , the importance of NL distortions due to transmitters' nonlinear PAs is highlighted, and its impact on a cooperative OFDM system is numerically evaluated. Linearization techniques have been proposed to mitigate distortion, though no theoretical analysis has been presented, and the work is relevant only for severely degraded channel conditions. In [18] , a numerical study of PAs' impacts on single carrier MIMO communications with a suboptimal transmit beamforming scheme was performed. The performance of this system with different PA models was studied, although the study was limited to the numerical analysis of frequencyflat Rayleigh fading channels. The authors in [19] studied the ergodic achievable rate of a MIMO system under nonlinear PAs and showed that they can significantly degrade system performance. In [20] , channel estimation and data transmitter link quality measurements were numerically simulated for OFDM communications, and three RF impairments were considered: oscillator phase, PA nonlinearity and in-phase/quadrature imbalance. The presented results were obtained only by simulation for a single user and a single antenna communication.
Recently, some works considered NL distortion effects in mMIMO systems. In the context of mMIMO with lowresolution ADCs, [21] - [23] presented an analysis of the distortion due to amplitude quantization, by using the Bussgang theorem. Concerning the effects of amplification in full digital mMIMO systems other works can be found [24] - [27] . In [24] , authors used orthogonal Hermite polynomials to represent the amplified signal in mMIMO systems, which were partitioned into desired and distortion terms. The spatial crosscorrelation matrix of nonlinear distortion was derived, which could be applied to predict how the nonlinear distortion will behave in both in-band and out-band. In [25] , the impact of nonlinear amplification was analytically derived. Accurate expressions for the spectral characterization of the transmission signals and bit error rate (BER) were derived. In [26] , a polynomial model was considered to describe the nonlinear effects of the PAs and the Ito-Hermite polynomials were employed to derive the autocorrelation of the additional error term of the symbol estimate that is caused by the nonlinear PAs. In [27] , a theoretical analysis of joint distortion, introduced by nonlinear low noise amplifiers, local oscillators with phase noise and oversampling finite resolution ADCs, was performed on the BS-side of uplink massive multiuser-MIMO OFDM systems.
The referred works did not consider hybrid analog/digital architectures and assumed one RF chain per antenna. However, fully digital architectures are difficult to implement in practical applications due to hardware limitations and the performance analysis of these works are not directly applicable for hybrid architectures. Therefore, the study of the NL effects in hybrid architectures is of paramount importance. The works [28] - [30] addressed the NL impact in hybrid analog/digital mMIMO architectures. In [28] , the spectral and energy efficiencies of hybrid beamforming for narrowband mMIMO systems employing nonlinear PAs were numerically studied, and the covariance matrix for the distortion due to the PAs is assessed. For the special case of a single RF chain, a closed form expression for the maximum spectral efficiency and for the lower bound on the achievable rate was presented. However, this work focused on the optimization of the energy efficiency of the system as a function of the consumed power per information bit, and did not consider the spectral characterization of the nonlinear distortion term. In [29] , the spectral efficiency of a single carrier multiuser hybrid analog/digital architecture considering a PA modeled at the transmitter by a polynomial of order three was numerically evaluated. This was focused on the use of pre-distortion techniques to compensate nonlinear distortion effects, and does not present a theoretical analysis of the NL effects on the performance. In [30] , a hybrid analog/digital OFDM mMIMO architecture is considered, and a theoretical analysis of the nonlinear distortion signal at the transmitter was conducted, although it did not assess the analytical impact in terms of BER performance.
Most of the previous works addressed the impact of NL in the context of either conventional MIMO or full digital mMIMO systems. The works that studied the impact of NL in hybrid analog/digital mMIMO are scarce and mostly assumed narrowband systems. A theoretical analysis of the impact in the performance of hybrid analog/digital mMIMO wideband systems has not yet been addressed, to the best of our knowledge. Therefore, in this paper, we aim to fill some of the gaps and propose analytical and semi-analytical tools that allow to efficiently evaluate the impact of PAs on a hybrid beamforming wideband mMIMO OFDM system. The impacts of nonlinearities, which are inherently present in these systems, are analytically and semi-analytically assessed with respect to the overall system performance. First, the distortion spectrum due to NLs is derived. Then, a semianalytical expression for the BER using the previous derived distortion factor is derived, which, to the best of our knowledge, has not been addressed yet. This analysis reflects the propagation effect of the NL through the system chain. The proposed tools are valid for any nonlinear characteristic. To validate the derived tools, the impact of the PA nonlinearity in the hybrid mMIMO system was studied, considering two different PA modeling approaches. In the first case, an analytical model is used to characterize the NL characteristic of a PA. In the second one, a polynomial approximation is applied.
The remainder of the paper is organized as follows. Section II presents the system model of the hybrid analog/digital architecture considering OFDM and mMIMO technologies. The transmitter, receiver and the channel model are described in this section. In Section III, the PA models that are considered in the communication chain are described. The theoretical characterization of the NL distortion and BER expressions are derived in Section IV. Section V presents the main simulation results about the NL impacts, including the theoretical validation. The main conclusions are drawn in Section VI.
Notation
Throughout this paper, we will employ the following notation. Boldface capital letters denote matrices and boldface lowercase letters denote column vectors. The operation (.) H represents the Hermitian transpose of a matrix. The symbol ( * ) represents the convolution operation. Re(c) and Im(c) represent the real and imaginary parts of c, respectively. A(j, l) denotes the element at row j and column lof matrix A, and a(j) denotes element j of vector a. I N is the identity matrix with a size of N × N . The symbolss andŝ represent the time domain of the estimated signal relative to signal s; s is the same variable in the frequency domain.
II. SYSTEM CHARACTERIZATION
The hybrid analog/digital mMIMO system that is considered in this work is presented in this section, and it is followed by the channel characterization.
A. SYSTEM MODEL
The hybrid analog/digital mMIMO OFDM system that is used in this work is shown in Fig. 1 . We consider a singleuser system with N t transmission antennas and N r receiving antennas, where the number of RF chains at both the transmitter and receiver is lower than the number of antennas, i.e., N RF ≤ N t and N RF ≤ N r , respectively. An OFDM modulation with K available subcarriers is employed, where K − K are zero-values subcarriers, i.e., we consider an oversampling of factorJ = K K .
The transmitted signal in the frequency domain before the NL is given by
where s k ∈ C N s ×1 is the data vector and N s is the number of data symbols that are transmitted in parallel over the N t antennas for the kth subcarrier. We consider M -quadrature amplitude modulation (M -QAM) constellations in which the data symbolss k have E |s k | 2 = σ 2 s I N s . As it can be seen from (1), the transmitter processing is decomposed into two parts, the digital baseband and the analog circuitry, which are mathematically modeled using the precoder matrices F a ∈ C N t ×N RF and F d,k ∈ C N RF ×N s , respectively. The digital part hasN RF transmission chains and N s ≤ N RF ≤ N t . First, the N s data symbols are digitally precoded by using matrix F d,k on each subcarrier. Then, a K -IFFT is employed on each RF chain followed by a cyclic prefix (CP). The time domain samples are further processed by using the analog coefficients, leading to the samplesx n . Due to hardware constraints, the analog part is implemented using a matrix of analog phase shifters, which forces all elements of matrix F a to have equal
The relation between the input signal of the NL block,x n , which is the inverse discrete Fourier transform (IDFT) of x k , and the output signal of the NL block,z n , will be discussed in Section III.
The received signal y k ∈ C N r ×1 at the subcarrier k is given by
where z k ∈ C N t ×1 is the output signal of the NL in the frequency domain(z k , which is the DFT ofz n ), which will be defined in the next section. n k ∈ C N r ×1 is zero mean Gaussian noise with a variance of σ 2 n and H k ∈ C N r ×N t is the channel matrix for subcarrier k. This received signal is first processed by using the analog phase shifters, which are modeled by the matrix W a ∈ C N RF ×N r .
All elements of matrix W a must have equal norms. Then, baseband processing follows, which is composed of N RF processing chains. It should be noted that the analog parts of both the precoder and equalizer are constant over all the subcarriers while the digital part is computed for each subcarrier. First, the CP is removed and a K -FFT is performed for each RF chain. Then, the signal passes through a linear digital filter W d,k ∈ C N s ×N RF . The filtered received signal is then given by W d,k W a y k , leading to the following estimates:
whereˆ is the estimation of the phase term due to the amplitude modulation/phase modulation (AM/PM) function of PAs. The analog part of both the precoder and equalizer are constant over all the subcarriers, while the digital part is computed for each subcarrier. In this paper, we consider the hybrid analog-digital precoder and the hybrid equalizer in [30] . However, it should be emphasized that others hybrid precoder/equalizer recently proposed in the literature could also be considered, since our formulation is general and therefore it can be applied to any hybrid precoder/equalizer.
B. CHANNEL MODEL
The model that is used in the proposed system accurately models communications with tightly packed antenna arrays. The considered channel model follows the clustered frequency-selective channel model that is discussed in [9] , which is represented as the sum of the contribution of N cl clusters, each of which contributes with N ray propagation paths to the channel matrix with a cyclic prefix duration, K CP . The channel at subcarrier k is expressed as
where H [d] is the delay-d MIMO channel matrix with D taps, which can be written as
where α i c ,i r and τ i c ,i r correspond to the path gains and the relative time delay of the (i r )th ray in the (i c )th scattering cluster, respectively. λ is a normalization factor such that
p (τ ) is a pulse-shaping function for the T -spaced signaling that is evaluated at τ seconds [9] . A t and A r are the matrices of the array response vectors at the transmitter and receiver, which are formed by
and
respectively, where θ r m,l and θ t m,l are the azimuth angles of the arrival and departure, respectively. The array response vectors for an N w -element uniform linear array are given by
where w ∈ {r, t} and d a is the inter-element spacing. Moreover, we assume that the duration of the delay-d MIMO channel is smaller than the cyclic prefix duration, K CP , which is usually much lower than K . Therefore, we have H [d] = 0 for d > K CP .
III. NONLINEAR AMPLIFICATION MODELING
Although the presented analysis could easily be extended to other nonlinear sources, in this work, we assume that the nonlinearity presented in the overall transmitter is only due to the PA, which can cause severe linearity degradation. Due to efficiency reasons, PAs are normally operated near saturation, which increases signal distortion and justifies the effort spent on an accurate nonlinear characterization [31] . In this section we characterize the PA used, followed by the definition of the considered PA models.
A. PA CHARACTERIZATION
Power amplification at RF is most commonly achieved using travelling wave tube amplifiers (TWTA) or solid state power amplifiers (SSPA). SSPAs were mainly used for low-and medium-power levels due to size, operational lifetime and typically better performance, when compared to TWTAs. Modern communication systems use advanced PA architectures such as the Doherty or Chireix topologies [16] . In this work, to validate the proposed tool, we use a 4.5GHz 10W single-ended PA that incorporates a Wolfspeed's CGH40010F Gallium Nitrade (GaN) HEMT. Fig. 2 presents a photograph of that PA. The output matching network, built with microstrip lines, was designed so that the impedances presented to the transistor are the optimal ones at both the fundamental and the second harmonic (for the fundamental we choose the one that guarantees maximum efficiency and for the second harmonic a short circuit was applied). The input matching network, also built with microstrip lines, was designed to guarantee the necessary gain and assure stability at all frequencies [32] .
Two of the most important estimators of the power amplification impact on communication systems linearity performance are the amplitude/amplitude (AM/AM) and the AM/PM conversion functions [33] . The nonlinear amplifier response transforms the time signalx n into the signalz n , wherex n is the time-domain equivalent of the OFDM signal, i.e., x n , n = 0, . . . , K − 1 = IDFT {x k , k = 0, . . . , K − 1}. The PA output can be given in function of the AM/AM and AM/PM functions, as follows
where r = x n , f A (·) and f P (·) are the AM/AM and AM/PM nonlinear conversion functions, respectively. This signal thus includes the NL effect of the PA. The phase term, in (3), is an estimation of the phase rotation due to the AM/PM of the PAs, and is obtained througĥ Figures 3 and 4 show, respectively, the measured AM/AM and AM/PM characteristics of the used PA for a 10MHz OFDM input signal. With this signal, which has a peak to average power ratio (PAPR) of 9.1dB at the PA input and 7dB at the PA output, the amplifier provided an average drain efficiency of 39%.
B. POLYNOMIAL AND ANALYTICAL PA MODELS
The PA nonlinearity impact on a hybrid mMIMO system is derived in the next section, based in the assumption that the PA model is defined in terms of its AM/AM and AM/PM characteristics. Two different PA modeling approaches are used: polynomial and empirical analytical model. However, in principle, any other modeling approach could be used.
The use of polynomial models is nowadays quite disseminated throughout the behavioral modeling community since they provide a low complexity, mathematically tractable and accurate characterization method [27] , [28] , [34] . The most common memory polynomial expression, expressed in its generic form, is given bỹ (12) where a pm are the model coefficients, p + 1 is the polynomial order, P is the maximum polynomial order, m is the memory depth and M is maximum memory depth.
Note that when M = 0, the above model describes a purely static characteristic, defined as
With f x n being the global PA characteristic function. This signal can also be described as AM/AM and AM/PM functions, so that
These polynomial models have been widely adopted because they are simpler to manipulate and are linear in the coefficients, meaning that these models can be easily fit by minimizing the mean squared error between model response and measurements. However, polynomial models may require many higher order terms. Instead, a generic baseband model can be used to represent these nonlinearities, being one of them the Rapp's model, which is simple but provides analysis tractability regardless of the used PA type [35] , [36] . For this particular model f P (r) is approximately zero, and
where p is the parameter that controls the smoothness of the transition between the linear and the saturation regions. Figures 5 and 6 present, respectively the AM/AM and AM/PM obtained through measurements, polynomial approximation and empirical modeling approaches.
IV. THEORETICAL BER DERIVATION
To theoretically analyze the impact of the NLs on the overall hybrid mMIMO OFDM system that was previously defined, we start by analytically deriving the distortion at the output of the PA. Then, this distortion is used to conduct a semianalytical BER analysis.
A. CHARACTERIZATION OF NL DISTORTION TERM
Concerning the distortion characterization, we start by defining the relation between the input and output signals of the PA. From central limit theorem, the input of the PA device is approximately Gaussian if the number of antennas and/or subcarriers is high. Therefore, from Bussgang's theorem, the output signal can be decomposed into uncorrelated useful and self-interference components [37] , [38] . The component n of the PA output that is defined in (10) can be written as z n = αx n +d n (16) whered n is the nonlinear distortion component, which is uncorrelated withx n , and
where r = x n . In addition, since the magnitude ofx n is a Rayleigh distribution, we can write
The power spectral density (PSD) of the nonlinear input can be obtained by using the average values of the signal that is associated with each subcarrier G x,k = E |x k | 2 . We assume that
where E |x k | 2 = σ 2 x I N t , although the generalization to other cases is straightforward. For simplification purposes,x k is considered to be one element of the vectorx k .
The autocorrelation of the input signal, which is defined as
where n ∈ {0, 1, . . . , K − 1}, can be obtained through the IDFT operator R x,n , n = 0, 1, . . . , K − 1
which, for component n, is given by the well-known expression
The autocorrelation of the nonlinearly distorted signal that is defined as R nl, = E z nz * n can be expressed as a function of the input autocorrelation signal [30] , as follows:
where I 2γ +1 denotes the total power that is associated with the intermodulation product (IMP) of order 2γ + 1, which is defined as
where the first intermodulation term corresponds to the useful power and where L
γ (x) denotes the generalized Laguerre polynomial of order γ , which is defined as [39] 
The PSD of the distorted signal due to the NL is given by
where DFT represents the discrete Fourier transform operator. By replacing the R NL,n in (27) with (23) and using the property that an autocorrelation function has Hermitian symmetry, i.e., R H n * = R H −n , the equivalent expression for the PSD of the NL signal can be simplified to
where
since the exponent that denotes the 2γ + 1 power is transformed into a 2γ + 1 times convolution when applying the inverse Fourier transform. The convolutions are cyclic; however, if the oversampling is large enough, they become equivalent to linear convolutions. The autocorrelation of the distortion signal that is defined as R d, = E d nd * n can be expressed as a function of the input autocorrelation signal as follows:
The PSD of the distortion component can be obtained from
and distortion power due to the NL is thus given by
The diagram that is shown in Fig. 7 provides a simplified graphical view of the operations that are performed to obtain the statistical characterization of the NL distortion. By knowing the PSD of the PA input signal and the PA's AM/AM and AM/PM characteristic functions, it is possible to obtain the autocorrelation of the input signals and the IMP factors. Then, the calculation of the autocorrelation distortion, R x,n , is obtained by using the autocorrelation of the input signal and the IMP coefficients. The DFT operation that is applied to the autocorrelation and is followed by the mean operator, being applied to the subcarriers, results in the distortion mean power.
B. BER ANALYSIS
In a second step of this theoretical analysis, the objective is to derive a semi-analytic expression for the BER. By replacing (1) and (2) in (3), the estimated signal of the kth subcarrier can be denoted aŝ
Operations that are performed to obtain the NL distortion.
can be simplified tô
The expression for the ith estimated symbol becomeŝ
with i = 1, . . . , N s . From (34) , we can see that the estimated symbol has three non-useful components: the interference between symbols, e int,k ; the distortion due to NL, e dist,k ; and the noise contribution, e noise,k . Therefore, the ith estimated symbol can be expressed aŝ s k (i) = u k (i) +e int,k (i) + e dist,k (i) +e noise,k (i) , (35) with the useful component defined as
and each non-useful component defined, respectively, as
and e noise,k = e −jˆ W d,k W a n k .
The BER is given by the Q-function of the ratio between the mean powers of the useful and non-useful components of the signal. To the best of our knowledge, a closed form expression for the calculation of the non-useful signal is not possible to obtain. It is well known that the noise contribution, e noise,k , follows a Gaussian distribution. Both interference and distortion variables, e int,k and e dist,k , are also approximately Gaussian, since multicarrier signals with a large number of subcarriers are complex Gaussian distributed. Thus, an approach for the BER calculation is proposed for a given channel realization, where the non-useful signal power is calculated based on the power of the signals that are defined in (37) , (38) and (39) , as follows:
with the useful power given by
The variances of the interference,σ 2 int,k ; distortion, σ 2 dist,k ; and noise, σ 2 nd,k components are respectively given as functions of the variance of the signal s k , σ 2 s ; the distortion power, σ 2 D , as in (31) ; and the additive white Gaussian noise power that is added in the reception, σ 2 n . The three components of the non-useful power are approximated by the following expressions:
Since k , A k and W eq,k are matrices that are dependent on the channel, the means in (42), (43) and (44) can be obtained through simulation to achieve channel realization.
The average BER for the kth subcarrier is then obtained by using the mathematical expectation of (40) for several channel realizations, including a total of N sim different channels, which is given by
The block diagram in Fig. 8 summarizes the operations that are performed to achieve the BER for the presented hybrid analog/digital system. We start by calculating the distortion due to the PA (according to the steps in Fig. 7 ) and the factor α in (17) . With these two parameters, in addition to the variance of the input PA signal and a matrix that is dependent on the channel state information (CSI), the useful signal power is calculated using (41). The signal power and a matrix based on the CSI is used to calculate the distortion component, while for the noise component the noise power and a matrix that is dependent on CSI are used.
The interference component is obtained by using the parameter α, the signal power and a matrix that is dependent on the CSI. Finally, these obtained values are used in the Q-function to obtain the semi-analytical BER expression, as seen in (40).
V. PERFORMANCE RESULTS
In this section, we present a set of performance results for the impact of NL on the hybrid digital/analog architecture that is described above. Our scenario has N ray = 10 rays with Laplacian distributed azimuth angles of arrival and departure. The angular spread at both the transmitter and receiver is set to σ = 10 degrees. The antenna inter-element spacing d a is assumed to be half-wavelength. The number of antennas at the transmitter and receiver are N r = 16 and N t = 16, respectively, and the number of RF chains is N RF = 8. The number of subcarriers is set to K = 256 and the oversampling factor is set to 2. The number of data symbols that are transmitted per subcarrier is set to N s = 4.
In this paper, we consider the hybrid analog-digital transmission and receiving beamforming that was proposed in [11] . However, it should be emphasized that other hybrid precoders/equalizers that have been recently proposed in the literature could also be considered since our formulation is general and could, therefore, be applied to any hybrid precoder/equalizer. We consider perfect oscillators, synchronization and channel estimation.
We assume that α i c ,i l are i.i.d. CN 0, σ 2 α,i c , where σ 2 α,i c defines the average power of the i c th cluster. The average power of all N cl clusters is the same and N cl i=1 σ 2 α,i c = λ, where λ is the normalization factor in (6) .
The normalized spectra of signals associated to the PA can be seen in the following figures. In Fig. 9 the spectra of the normalized PA input and output signals are presented and in Fig. 10 the theoretical and simulated PA distortion signals are plotted, both for the case for which the oversampling factor is set to 2. In Fig. 11 , we can see the spectra of the normalized PA input and output signals and in Fig. 12 the theoretical and simulated PA distortion signals, in these cases for an oversampling of 4. The presented spectra were obtained for different saturation levels s M σ x = 0.5and s M σ x = 1, for a set of channel realizations, so that we can observe the fluctuations in the signal due to the effects of the channel and the precoder. Thus, the signal distortion ratio is dependent on these signal fluctuations, since the distortion spectra are almost constant and the signals vary with the subcarriers. Moreover, the distortion spectrum variation along the frequency depends on the oversampling being almost constant for low oversampling values and decreasing in the non-useful band for the case of higher oversampling factors. Based in these results, we conclude that the oversampling should be higher than 2.
In the following figures, the impacts of the NL are shown in terms of the uncoded BER, which is presented as a function of E b /N 0 , where E b denotes the average bit energy and N 0 denotes the one-sided noise power spectral density. An analysis in term of signal interference noise ratio (SINR) results, would lead to the same conclusions, accordingly to (40). The BER curves that are obtained theoretically, by using the proposed expressions, and numerically, by using Monte Carlo simulations, are plotted in Fig. 13 for the polynomial PA model, for saturation levels of s M σ x = 0.5 and s M σ x = 1. Moreover, the BER performances for similar conditions are presented in Fig. 14, in this case modeling the PA with Rapp's . NL impacts on system in terms of the BER with different saturation levels and the polynomial PA model. model and fixing the smoothness parameter as p = 3.The systems' performance is improved with the normalized saturation level. The closeness of the curves allows us to conclude about the derivation accuracy.
To observe the impacts of the PA, including the effects of working in the linear PA region, the total degradation value can be obtained. The total degradation variable, which fixed for a given BER, is defined as the sum of two components: one for the NL distortion and the other corresponding to the effects of the amplifier functioning in the linear region. The corresponding expression is given by
where D NL s M σ is the degradation due to the NL, defined is for a fixed BER, and OBO is the value of the output backoff (OBO) power that corresponds to the power level at the output of the RF amplifier relative to the maximum output level possible using the RF amplifier, which is calculated as
Note that P out = E z n 2 , which can easily be obtained by using
where r is the absolute value ofz n . The NL degradation is
where γ NL is the E b N 0 that corresponds to a fixed BER and γ L is the observed ratio E b N 0 for the same communication for a target BER but without the PA. Fig. 15 presents the total degradation and the two components that form it for the polynomial PA model and for a BER target BER = 10 −3 . One of the components is the OBO power, which is defined as the ratio between the saturation level power and the PA output power. OBO power increases with saturation level, as observed. The other component is the degradation in E b N 0 due to the NL, which decreases as the saturation level increases, as was already observed in Fig. 13 .
The optimal operating point is the one with the lowest degradation in E b N 0 , which for BER=10 −3 , is approximately s M σ x = 0.7. This is the case that best compensates for the power degradation that is caused by being in the linear region and the distortion that is generated by the PA (that decreases as the saturation value increases). As the target BER decreases, the saturation level that produces lower distortion increases, since the BER does not significantly differ with or without the NL for high E b N 0 values. For other BER targets, the optimal saturation levels can be obtained from Fig. 16 . For BER=10 −4 , the optimal point is s M σ x = 1.1, and for BER=10 −2 it is s M σ x = 0.3.
VI. CONCLUSION
In this paper, a hybrid analog/digital mMIMO OFDM system is studied. To analyze the effects of nonlinearities on the performance of massive MIMO systems, we derived theoretical tools to estimate the distortion at the output of the NL and the BER at the detection level.
The proposed theoretical and semi-analytical tools were successfully validated through Monte Carlo simulations, in which the NLs were modeled using analytical and polynomial PAs' models. We concluded that the nonlinearity in the transmitter, which was due to hardware impairments, had a strong impact on hybrid analog/digital mMIMO systems, as expected. Thus, the proposed distortion derivation has significant application prospects for hybrid broadband wireless systems.
We also showed that the useful signal spectrum fluctuates differently for different subcarriers; thus, the lower power subcarriers will be strongly affected by the distortions. Moreover, it is possible to obtain the optimal operating point for a specific nonlinear amplifier, which can be useful in communication systems' development.
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